EBERHARD KARLS

UNIVERSITAT
TUBINGEN

FACULTY OF
SCIENCE

Institute of Physical and Theoretical Chemistry

g' e ."“.'ii‘ﬁ

X A - , f:_::'_ —
A - M““f s |
e e [ [ |

Laboratory Techniques and Medical Device
Approvals |

Part 03: Basics in Matrix Calculations
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Mathematical basics
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Statistics

_ ’f‘_l X,
» Average / Mean: X ==+
n
" (X —-X)
 Standard deviation: de(X) = Z’ZI( ! )

Z; (X = )?)2
(n—1)

> - -T)
(n—1)
note: var(X)=cou( X, X)

135 | WS 2017/2018 Prof. Dr. U. Weimar, Prof. Dr. G. Gauglitz © 2012 University of Tuebingen

« Variance: VCZV(X) = sdv’ (X) —

» Covariance: cov(X,Y) =
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« Matrix notation: all a12 aln
dy Ay -
A —
(m,n)
(m,n) are the matrix dimensions
_Clm2 e .. amn_
( a, )
~ a,

« Avector V = can be regarded as a (m,1)-Matrix

\%n )
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Matrices

» The main diagonal of a matrix is the collection of entries 4, ; where
i is equal to:

1 4
A(3,2) = | 4y 2
| dy Ay |

* A square matrix in which the entries outside the main diagonal are
all zero is called a diagonal matrix.
A diagonal matrix with ones on the main diagonal is called an

identity matrix (1) Lo 1 0 0)
Il = (1) ]2 — 0 1 ]3 =10 1 O etc.
0 0 1,
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Matrix addition

 Matrix addition:

- Works only with matrices of the same dimensions
- The elements of a matrix are added together with the

corresponding elements of the second matrix.

Ay T By =(a; +b,)

(m,n) (m,n)

- Example:

1 3] [4 3] [1+4 3+3]| [5 6
+ = =
2 4| |2 1| |[2+42 4+1] |4
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Matrix multiplication

« Matrix multiplication with a scalar k:

n

k-A=A-k=k-

a., .. .. 04

_ mn _|
k-a, k-a, .. k-a,
B k-a,, k-a,,
k-a,, .. .. k-a,
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Matrix multiplication

« Matrix multiplication of two matrices:
- Not commutative: 4- B+ RB- A4
- Number of columns of the first matrix has to be equal to the
number of rows of the second matrix.

C

with Cij — Zkzl aik Oy

- The dimension of the matrix product is predefined by the two
factor matrices. The number of rows is determined by the first
factor matrix and the number of columns by the second factor
matrix.

m,n)
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Matrix multiplication

« Manual matrix multiplication:

- Can be performed with the help of the Falk’s Scheme

- Both factor matrices are written in parallel with a height offset.

- The row elements of the first factor matrix are multiplied with
the corresponding column elements of the second factor
matrix.

- The results of each row are summed up and written into the
appropriate position of the matrix product (intersection of the

corresponding rows and columns).
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 Example:

A

(3.2) —

-9 15

Matrix multiplication

B+(42) =37
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Matrix multiplication

» Special case: Multiplication of a matrix with a vector
- The matrix must have as many columns as the vector elements

- The product of a (m,n)-matrix with a n-dimensional vector
results in a vector with the dimension m.

Example:

_ (1

L2 3], |_((1+2:2+3:3)) (14

4 5 6| | ((41+5-2+6-3)) |32
3
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Transpose of a matrix

* Transpose of a matrix:
- ,Reflection” at the main diagonal or exchange of rows and

columns

N —_

Ayy =|2 A" =

Calculation rules: (4+B)' =A"+B"

(c-A) =c- AT
A square matrix whose transpose is (A‘T)T — 1
equa_l to itself is called a symmetric (4. B.)T _ BT 4T
matrix. . T
A=A (A7) = (47)
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* Inverse matrix:
- If the following equation is valid for the matrices A and B,

A . B — B . A — [ | = Identity matrix

—1
then B is the inverse matrix of A: B — A
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Matrix inversion

« Methods of matrix inversion

- Gauss-Jordan-Algorithm:

- Algorithm for solving systems of linear equations

- The identity matrix is augmented to the right of the matrix A
forming a n by 2n block matrix [A | []

- Through application of elementary row operations to both
matrices the matrix A is reduced to the identity matrix |.

- The matrix A is invertible if it can be reduced to the identity
matrix I. In this case the former identity matrix is the inverse

matrix A1,

146 | WS 2017/2018 Prof. Dr. U. Weimar, Prof. Dr. G. Gauglitz © 2012 University of Tuebingen



EBERHARD KARLS

C ek Matrix inversion

TUBINGEN
1 2 0
« Example: A={2 3 0
3 4 1

* Write as a block matrix [A‘ I:l and solve the system of linear
equations:

I[1 2 0|1 0 O]
12 3 0/0 1 0[|—=2-1)
ar|3 4 110 0 1|=3-1)
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Il 2 0|1 0 0]+Q2-I)
{0 -1 0]=2 1 0] <=
o -2 1|-3 0 1|-(2-1)

I11 0 0]-3 2 0O
710 1 02 -1 0
arjo o 11 -2 1
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A

1 20
2 3 0
3 4 1
3 2 0
pJ
I -2 1

Matrix inversion

Multiply the matrix by its inverse matrix. You should get the identity
matrix.

A

A =1
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* Determinant of a matrix:
- Exists only for square matrices
- Is good for the calculation of eigenvectors
- Provides information about the possibility of matrix inversion
(the system of linear equations has a unique solution when the

determinant is nonzero)
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Determination of the determinant:
* E. g.: Gaussian elimination:
- Works for the special case of an upper triangular matrix: The
determinant is the product of the main diagonal elements.
- With the Gaussian elimination square matrices can be

transferred into upper triangular matrices
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Determinant of a matrix

* Transformation rules for the Gaussian elimination:
- If two rows or columns of a matrix are exchanged, then

changes the sign of the determinant.

- If a multiple of a row or column is added to another row or

column, then the determinant does not change

- If a row or column is multiplied by a factor, then the resulting

determinant has to be divided by this factor.
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Determinant of a matrix

« Example: Transformation of a matrix into a triangular matrix

1 2 4 1] I
A:—1320 Il
GH 2 0 0 2| I

2 3 2 -1| [

¢ b

« Step 1: exchange a and d (change of sign!)
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1 2 4 111
. 0 3 2 -1|1I
@12 0 0 2|l
-1 3 2 2|
a b ¢ d
1 2 4 1|1
) |03 2 -1 11
G0 4 8 4|
0 5 6 3|V

Determinant of a matrix

» Step 2: Add 2 times row /
to row /Il and one time
row [ to row IV

» Step 3: Subtract 0.5
times column ¢ from
column b
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Determinant of a matrix

1 0 4 1 ] - Step 4: Subtract row //
from row IV
L |02 2 -1
@910 0 8 4|
02 6 3|1V
a b ¢ d
1 0 4 1] [ « Step 5: Subtract 0.5
times row //l from row [V
4 |02 2 -1a
“Y 1o 0 8 4|1
0 0 4 4|1y
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AN 0 4 1 1 7 » Step 6: Calculate the
product of the main
—1| Il diagonal elements of this

upper triangular matrix
4 | 111

IV » Step 7: Change sign if
d \ you had an odd number
of exchange operations,
otherwise keep it.

2- (_Tl) =—32 (here: only one

exchange operation in
Change of sign step 1 => change sign)

A<4,4> =

0
0O O
b c
det(A)=1-2-8-
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Eigenvectors /Eigenvalues of a matrix

« Eigenvectors of a matrix:

- If you multiply a square (n,n)- matrix with a n-dimensional vector,
then this vector is transformed.

- If the transformed vector is a scalar multiple of the initial vector
(change in length, but not in orientation), then it is an eigenvector of
the square (n,n)- matrix.

- The scale factor is the eigenvalue of the corresponding eigenvector.

- A (n,n)-matrix has n linear independent eigenvectors

- Eigenvectors and eigenvalues can be computed by solving the
system of linear equations (4 — A1)X = 0 with X = Eigenvector

and A = Eigenvalue.

157 | WS 2017/2018 Prof. Dr. U. Weimar, Prof. Dr. G. Gauglitz © 2012 University of Tuebingen



EBERHARD KARLS

UNIVERSITAT
TUBINGEN

Eigenvectors /Eigenvalues of a matrix

Shear mapping of the Mona Lisa.
The blue vector stays unchanged, whereas the red one changes
upon shear.

—The blue vector is an eigenvector
st g

: P (B = | By s !
% I 3 =3 B 2 .t =9 o et FE =
Rt b » | oS L e s % T

Bt

Source: Wikipedia
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The transformation matrix
2 1
[1 2] preserves the
direction of vectors parallel
1 1
to [1] and [_1].
—=Eigenvectors
EEEEEErE The vectors in red are not
L AN :i: : eigenvectors, therefore their
SERERIRSE direction is altered by the
G o 7\ . e
Vel i : transformation.
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Eigenvectors /Eigenvalues of a matrix

* The system of linear equations can be computed, if
det(A— A1) =0

* The eigenvalues of a matrix can be determined by finding the roots
of the characteristic polynomial. ¥ , (A)

XY, (A)=det(Al - A)

A (n,n)-Matrix has a characteristic polynomial with degree n

* n-dimensional matrices can be solved by iterative algorithms, e.g.
SVD (Singular Value Decomposition) or NIPALS (Nonlinear

lterative Partial Least Squares).
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Eigenvectors /Eigenvalues of a matrix

Example: Calculate the eigenvalues and eigenvectors of (2,2)-
Matrix (characteristic polynomial with degree 2)

2 3 A-2 -3
Ay = Al — A=
212 1 -2 A-1

Note: The determinant for a (2,2)-matrix is

det(4)=a,, -ay, —a,, - a,

eredet(A1 — A) = (A—2)-(A—1)—(=3)-(-2)
= y,(A) =det(Al — A)= 2> —31-4
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Eigenvectors /Eigenvalues of a matrix

* The eigenvalues of the matrix A can be computed by solving the
following equation:

A2-31-4=0

333 41 (-4)
2

A

— Eigenvalues of A
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Eigenvectors /Eigenvalues of a matrix

 Put the eigenvalues into the system of linear equations

(A= ADX =0
and calculate the eigenvectors X and y of the matrix
_12-4 3 X !
Eigenvector X . y — O
2 1-4|\x,

Then one has
_2)61 + 3)62 — O @ xl — 1, sz
2x,—3x, =0 1

B} X =
and consequently the eigenvector X is 1,5
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Eigenvectors /Eigenvalues of a matrix

* The modulus of the eigenvector has no significance. Therefore, it
can be normalized to the length 1:

Jx ) +(x) =1

» With:

x, =1,5-x,

AN Y5 %) +(x,) = 43,255 =1

< L8x, =1<x,=0,55
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Eigenvectors /Eigenvalues of a matrix

. Putxzinto the system of linear equations. Then one obtains for X

2x,—3-0,55=0<1,5-0,55=x,

x, =0,825
1 (0,825

- The normalized eigenvector of X is X =
L 0,55
* The same procedure with the second eigenvalueﬂ,2 =—1]
results in the second normalized eigenvector 1

y:12
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Examination relevant results

« Mathematical basis
 Performing of
- Simple matrix operations (sum, difference, etc.)
- Matrix multiplication
- Matrix inversion
- Calculation of a determinant
 Verbal explanation of an Eigenvector
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END of Part 03
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